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THE RELATION BETWEEN THE NUMBER OF SPECIES AND
THE NUMBER OF INDIVIDUALS IN A RANDOM SAMPLE
OF AN ANIMAI POPULATION

By R. A. FISHER (Galton Laboratory), A. STEVEN-CORBET (British Museum, Natural History)
AND C. B. WILLIAMS (Rothamsted Experimental Station)

(With 8 Figures in the Text)
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PART 1. RESULTS OBTAINED WITH MALAYAN BUTTERFLIES
By A. STeVEN Corset (British Museum, Natural History)

It is well known that the distribution of a series of
biological measurements usually conforms to one of
three types:

(a) the binomial distribution, where the frequen-
cies are represented by the successive terms of the
binomial (g +p)";

(b) the normal distribution, in which the results
are distributed symmetrically about the mean or
average value, and which is the special case of (a)
when p and g are equal;

(¢) the Poisson senes, in which the frequenc:gs
are expressed by the series

3
""(I +m+;—'+%+...),

where m is the mean and e is the exponential base
2+7183.

The usual practice of calculating the arithmetic
mean in a set of measurements of a biological nature,

'such as wing length of a butterfly, assumes a distri-

bution showing no wide departure from normality,
although it does not appear that this procedure has
been vindicated.

It is the usual experience of collectors of species
in a biological group, such as the Rhopalocera, that
the species are not equally abundant, even under
conditions of considerable uniformity, a majority
being comparatively rare while only a few are com-
mon. As far as we are aware, no suggestion has been
made previously that any mathematical relation exists
between the number of individuals and the number
of species in a random sample of ‘insects or other
animals. Recently, it has been found (Corbet, 1942)
that, leaving out of account the commoner species of
which no attempt was made to collect all individuals
seen, the number of species .S of butterflies of which
n individual specimens were collected by a single
collector in Malaya was given closely by the ex-
pression S=Cfnm,

where C and m are constants.* When m is unity, as
is the case with the Malayan collection, and has since
been found to be a condition which obtains with
collections of butterflies from Tioman Island and
the Mentawi Islands in which the relation between
S and #n follows the above equation, the number of
species of which 1, 2, 3, 4, ... specimens were ob-
tained was very close to a series in harmonic pro-
gression. Thus, the series can be written

Cr+i+i+..).

Although this relation holds accurately with the
rarer species, there is less agreement in the region
of the common species; in fact, theoretical con-
siderations preclude an exact relationship here.

Prof. Fisher (see Part 3) has evolved a logarithmic
series which expresses accurately the relation be-
tween species and individuals in a random sample
throughout the whole range of abundance:

2
S=n, (I +f+i+.'-),
2 3

where S is the total number of species in the sample,
7, the number of species represented by single speci-
mens, and x is a constant slightly less than unity but
approaching this value as the size of the sample is
increased.

The total number of individual specimens, N, in
the sample at all levels of abundance is given by
N=n/(1—x) and N(1—x)[x is a constant a inde-
pendent of the size of the sample. As the size of
the sample is increased, n; approaches «.

The Fisher series has been established for all the
entomological collections tested in which there was

* This equation may be written
log S=log C+mlogn,

so that the plot of the logarithms of S and » is a straight
line.
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reason to believe that the collecting had been un-
selective (see Table 1). Itis clear that when Sand N
are known, as is usually the case, the statistics 7, x
and « can be calculated. It is a curious fact that the
number of uniques should approach a constant value
with increasing size of collection. Itis important to
ascertain how far this type of distribution of indi-
viduals among species holds in other zoological
groups, for it would appear that we have here an
effective means of testing whether a collection has
been made under conditions approaching random
sampling or whether some degree of selection has
been exercised, a consideration which is often of
some importance in faunistic studies.

tinued after 24 specimens had been taken. In such
cases, we have the following information:

The total number of species under 25 individuals
per species:

x af x?
Su_gg):nl (l +;+—3'+ ...+;).

The total number of individuals at frequencies
below 25 per species:

Nygay=mn; (1 4+x+22+ ... +x2).

Table 2, which gives the results obtained with the
Malayan butterflies, is based on these considerations,
and shows the very close relation between the ob-
served and the calculated results.

Table 1. Entomological collections examined showing the relation between the
numbers of species and individuals

Observations
= Calculations
Total No. No. —
indi- between Total between n m
viduals 1and 24 species 1 and 24 x calc. found o
Malayan Rhopalocera — 3306 620 501 0'997 13505 118 13547
Rhopalocera from Tioman Island 157 — 41 — 0887 1596 19 18-00
(east coast of Malaya) (Malay col-
lector, 1931)
Rhopalocera from Mentawi Islands 1,878 890 135 110 0983 3277 37 33'35
(excluding Hesperiidae) (C. Boden
Kloss and N. Smedley, 1924)
Karakorum Rhopalocera (Mme J. 403 195 27 24 0984 6:42 6 652
Visser-Hooft; vide Evans, 1927) (1-28) (1-28)
Mexican Elmidae (Col.) (H. E. 11,798 —_ 35 — 09998 472 4 472

Hinton ; vide Hinton, 1940)

How far -the results obtained with any particular
collection can be regarded as representative of the
distribution of the same species group in the area inj
which the collection was made must obviously de-|
pend on the uniformity or otherwise of the conditions}
prevailing when the collection was made and to the
extent to which these conditions are representativej
of the habitat. In an equatorial forest-clad island
with no mountain heights above 2000 ft., conditionsj
are very uniform as far as such orders as Leipido
ptera are concerned; although even here somg
allowance must be made for the fact that collections
of butterflies made in such regions are usually poor
in the crepuscular species. In temperate climates)
it is evident that results obtained during one period
of the year are usually inapplicable to other seasons
or to the year as a whole. It would appear that the
results obtained with the moth trap at Harpenden
(see Part 2) can be regarded as giving an accurate
picture of the distribution frequencies of the photo-
tropic moths in the area, and it is probable that the
same is true of the collection of Mexican Elmidae.

With many collectors, and for a variety of reasons
the collecting of common species is discontinued
once a certain number of specimens of these are
obtained. In the case of the Malayan Rhopalocera
cited, collecting of all individuals seen was not con-

Table 2. Calculated and observed distribution
frequencies of butterflies collected in Malaya
The values in the second column are obtained from
the Fisher series given on p. 42, taking x=0997.

n S (calc.) S (found)  Deviations
1 13505 118 1705
z 67'33 74 =677
3 44'75 44 75
4 33'46 24 946
5 2669 29 —2°31
6 2217 22 017
7 18-95 20 —1'05
8 16°53 19 —247
9 1465 20 =535
10 13'14 15 —1-86
II II'QgI 12 — 009
12 1089 14 —311
13 1002 6 402
14 9-28 12 —272
15 863 6 263
16 8-07 9 —0'93
17 757 9 —I'43
18 713 6 13
19 674 10 —326
20 6-38 10 —362
21 6-06 11 —4'94
22 577 5 077
23 5'50 3 2'50
24 525 3 225
o082
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Table S4.2. Abundance frequency counts of the Malayan butterfly survey (Fisher, Corbet &
Williams 1943), S= 620 species, 9031 individuals, CV=1.435, H=5.736. The count fi is the
number of species represented by exactly k individuals in the survey

K 1 2 3 4 3) 6 7 8 9 10 11 12 13 14 15

f\Q18 747 44 24 29 22 20 19 20 15 12 14 6 12 6

K 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
f« 9 9 6 10 10 12 5 3 3 5 4 8 3 3 2

f« 5 4 7 4 5 3 3 3 3 1 1 2 1 1 4

fi 2 2 1 3 1 1 2 4 1 5 2 1 2 1 1

k 68 70 71 76 84 89 92 93 100 105 108 119 141 147( 194
fi 1 1 4 1 1 1 1 1 1 1 1 1 1 1 1 15




R. A. Fisher (1890-1962) F %
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Fisher's exact test, Fisher's inequality, Fisher's principle,
Fisher's geometric model, Fisher's Iris data set, Fisher's linear
discriminant, Fisher's equation, Fisher information,

Fisher's method, Fisherian runaway, Fisher's fundamental theorem of
natural selection, Fisher's noncentral hypergeometric distribution
Fisher's z-distribution, Fisher transformation, Fisher consistency,
F-distribution, F-test, Fisher—Tippett distribution, Fisher—Tippett—
Gnedenko theorem, Fisher—Yates shuffle, Fisher—Race blood group
system, Behrens—Fisher problem, Cornish—Fisher expansion,
von Mises—Fisher distribution, family allowance, Wright—Fisher
model... (T 7 )
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R. A Fisher (1890-1962) ¥ jix ()

Ancillary statistic, Fiducial inference, Intraclass correlation
Infinitesimal model, Inverse probability, Lady tasting tea,

Null hypothesis, Maximum likelihood estimation, Neutral theory of
molecular evolution, Particulate inheritance, Random effects model
Relative species abundance, Reproductive value, Sexy son hypothesis
Sufficient statistic, Analysis of variance, Variance

& 7 Fisher's alpha

B8 7 Fisher's log series distribution
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Fisher’s model: Poisson-gamma
A Irde fE

Bk %1 B4 f8 413k 5 - Poisson(4) 4 #
AR RE R 204 A ~ gamma(a,b)
FiIBFF AT X

SiBFBII K S5 5 (k=0,1,...)
pa,b(k):E[I(Xi :k)]:E E I(Xi :klﬂ’.)

A Xi|A

[Terar 1 ia_le—ﬁd/i _F(a+k).( 1 M b jk
., k! I'(a)b® - kira) \1+b)\1+b
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Fisher’s alpha

m For gamma(a,b)
mean = ab, var = ab?, CV2=1/a
__b
1+Db
ek
k[—log(1-6)]

B Fisherlet a—0 ¢

P(X. =k| X, >0) >
Fisher’s alpha:
& 5 endiversity
B oLk e fade (k=1,2..) index

6" 1 0" S

a—, where o=

E(f)—>S—- =
k —log(l-6) K —log(1-6)




Fisher’s log—series & #
W1, 2, 3, .. k = ng ik

o 0° a6’ a 0"
a0, , A
2 3 K

AGN e SN S g

Given data (S, n), Fisher alpha can be solved by two equations

obs?

_ Sobs — — 9
“= g 2.Kh, “1-¢

« Fisher‘salpha #d S, n i %
o Fisher's model & ;* %+ 4 & i
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® poisson-mixture model

K €
E(f,)= sJ k—g(/l)d/l

0
- Cauchy-Schwarz inequality
B 2

J:%gu)dixzjo e—g(ﬂ)dﬂ> Joz ig(z)dz

o E(f)x2E(R) 2 [E(F = g(f,)> LEU: )i

2E(f1,)
2
S S, R Chaol (1984) lower bound in
Chaol + .
21, Colwell & Coddington (1994)
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(X1, X X 3> X, =n) follow a multinomial distribution with cell total n and cell

probabilities p, =4 />> A, k=1,2,...,S.

QEERE (n [EHE)
(X4 X,,., X)) ~ Multinomid(n; p,, p,,---, Ps)
PR ¥ e F & &85




Multinomalil and Binomial-Mixture models:

 Multinomial model
(X4 X,,., X)) ~ Multinomid(n; p,, p,,---, Ps)

d Binomial-mixture model

1
n
E(fk)=sj (k]pk(l— p)"“h(p)dp.
0
d Slightly different form

A n-1) f’°
SChaol — Sobs + @2}_2




Assessing uncertainty under multinomial
model

VAN (S ) = | 1(”‘1j2 h 4+(”‘1j2 LY 3+1(”‘1j )
creot? 24 n f, n f,] 2L n Jf,

95% interval of S is obtained

[Sobs + (§Cha01 obs)/ R’ obs T (§Cha01 o Sobs)R]

R = exp{L.96[L+ VAr(S ooy ) /(Scror — Sene) 21723
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SpadeR = i (species richness) output

(2) SPECIES RICHNESS ESTIMATORS TABLE:

Estimate s.e. 95%Lower 95%Upper
Homogeneous Model 655.631 7.474 643.724 673.514
Homogeneous (MLE) 620.000 0.017 620.000 620.078
Chaol (Chao, 1984) 714.071 22.663 679.057 769.844
Chaol-bc 712.030 22.204 677.738 766.689
iChaol (Chiu et al. 2014) 737.064 13.563 713.354 766.795
ACE (Chao & Lee, 1992) 712.239 17.351 684.000 752.937
ACE-1 (Chao & Lee, 1992) 737.207 23.932 698.872 794.174
1st order jackknife 737.987 15.361 711.512 772.121
2nd order jackknife 781.985 26.604 737.654 843.021
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“Mathematics, rightly viewed, possesses not only truth

but supreme beauty, a beauty cold and auster
like that of sculpture” - Bertrand Russell

Turing memorial statue plaque in Sackville Park, Manchester, UK
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“This is only a foretaste of what is to come
and only the shadow of what is going to be”
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Good (1953) and Good and Toulmin (1956)
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A simple example: n =10
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Hill 75 #%= # (order Q) »c# fid

S 1/(1-q)
= (Z piqj MacArthur 1965,
= Hill 1973
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o A RT AR R4S L Only species richness

= 2008 census
(68 species)

= 2013 census
(58 species)

- = AN S =
and abundances involved (DBH < 2cm) &/ filifls Erix 2%
2008 2013 2008 2013
Species code Species Raw abundance Relative abundance
DIOSMA Diospyros maritima 6178 2386 0.63047 0.49750
DRYPLI Drypetes littoralis 789 595 0.08052 0.12406
AGLAFO Aglaia formosana 594 431 0.06062 0.08987
CRYPCO Cryptocarya concinna 428 308 0.04368 0.06422
BEILER Beilschmiedia erythrophloia 205 138 0.02092 0.02877
DIOSPH Diospyros philippensis 172 167 0.01214 0.02023
CHAMMA Champereia manillana 130 58 0.01327 0.01209
GONOCA Gonocaryum calleryanum 119 78 0.01214 0.01626
DIOSER Diospyros eriantha 119 97 0.01755 0.03482
GLYCCI Glycosmis citrifolia 103 86 0.01051 0.01793
DENDME Dendrocnide meyeniana 82 18 0.00837 0.00375
DRACAN Dracaena angustifolia 71 25 0.00725 0.00521
BOEHWA Boehmeria wattersii 68 37 0.00694 0.00771
PALAFO Palaquium formosanum 61 34 0.00623 0.00709
MELAMU Melanolepis multiglandulosa 60 19 0.00612 0.00396
CROTCA Croton cascarilloides 53 41 0.00541 0.00855
LIODFO Liodendron formosanum 48 32 0.00490 0.00667
ARDISI Ardisia sieboldii 47 41 0.00480 0.00855
MALLPH Mallotus philippensis 40 22 0.00408 0.00459
Antidesma pentandrum var.

0.00316 0.00375

ANTIPE barbatum 31 18
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PISOUM
PLANOB
MURRPA
MACATA
LEEAGU
FICUSE
LASIOB

CRATAD
ARDIQU
CELTFO
DIOSFE
KOELHE
VITEQU
MELISE
GLOCPH
SAPIMU
TRICCA
BREYOF
SYZYFO
EHRERE

MACHJA
FICUIR
RADESI
CLERTR
SEVEBU

Pisonia umbellifera
Planchonella obovata
Murraya paniculata
Macaranga tanarius
Leea guineensis

Ficus septica
Lasianthus obliquinervis
Crateva adansonii subsp.
formosensis

Ardisia quinquegona
Celtis formosana
Diospyros ferrea
Koelreuteria henryi
Vitex quinata

Melicope semecarpifolia
Glochidion philippicum
Sapindus mukorossii
Trichodesma calycosum
Breynia officinalis
Syzygium formosanum
Ehretia resinosa
Machilus japonica var.
kusanoi

Ficus irisana
Radermachera sinica
Clerodendrum trichotomum
Severinia buxifolia

29
28
25
25
25
24
23

A~ A b 01O

16
14

13

=
N P

A BB W A DN OO W N OO

A DD DD DN

0.00296
0.00286
0.00255
0.00255
0.00255
0.00245
0.00235

0.00163

0.00163
0.00163
0.00153
0.00143
0.00133
0.00122
0.00112
0.00092
0.00092
0.00071
0.00071
0.00071

0.00061

0.00051
0.00041
0.00041
0.00041

0.00083
0.00334
0.00292
0.00021
0.00271
0.00146
0.00146

0.00229

0.00292
0.00125
0.00125
0.00146
0.00063
0.00104
0.00042
0.00083
0.00063
0.00083
0.00083
0.00083

0.00146

0.00042
0.00042
0.00042
0.00083
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PSYCRU
NEOLPA
CALLFO
EHREAC
FICUAM
GELOAE
ERIODE
FIRMSI

MAESPE
FLUESU
LITSHY
FRAXIN
SCOLOL
BRIDBA
VIBUOD
BISCJA
CINNRE
FICUSU
REEVFO
EHREDI
RANDSI
RANDSP

Psychotria rubra
Neolitsea parvigemma
Callicarpa formosana
Ehretia acuminata
Ficus ampelas
Gelonium aequoreum
Eriobotrya deflexa
Firmiana simplex
Maesa perlaria var
formosana

Flueggea suffruticosa
Litsea hypophaea
Fraxinus insularis
Scolopia oldhamii
Bridelia balansae

Viburnum odoratissimum

Bischofia javanica

Cinnamomum reticulatum
Ficus superba var. japonica

Reevesia formosana
Ehretia dicksonii
Randia sinensis
Randia spinosa

W wwww ke M~ s

O O O F FP P P DN DNMNDNDNMNDND Ww W

oSO R P kP O L, NN O

P PN O O O O Ok b O kL, O O

0.00041
0.00041
0.00041
0.00031
0.00031
0.00031
0.00031
0.00031

0.00031

0.00031
0.00020
0.00020
0.00020
0.00020
0.00020
0.00010
0.00010
0.00010
0.00010
0.00000
0.00000
0.00000

0.00000
0.00042
0.00021
0.00000
0.00021
0.00021
0.00021
0.00000

0.00000

0.00000
0.00021
0.00000
0.00021
0.00021
0.00000
0.00000
0.00000
0.00000
0.00000
0.00042
0.00021
0.00021
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Phylogenetic diversity: adding evolutionary history

7 & ,;5 7 LA‘ R 2 [ 2 2008 2013
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24

eMALLPH 40
®MACATA 25
SMELAMU 60 19

7
37
18
6

1
2
4
0

1
31 18
0
595
32
22
1

®GELOAE 3 1
®CROTCA 53 41
@SCOLOL 2 1

SMELISE 12 5
8MURRPA 25 14
8GLYCCI 103 86
®SEVEBU 4 4

®AGLAFO 594 431

s E— 1w SN
@SAPIMU 9 4
_____ =@ REEVFO 1 0

| i @ FIRM S| 3 0

L SCRATAD 16 1

@SYZYFO 7 4

SLEEAGU 25 13

@LASIOB 23 7

PSYCRU 4 0

®RANDS| 0 1

RANDSP 0 1

@CALLFO 4 1

@CLERTR 4 2

®VITEQU 13 3

| RADESI 4 2

FRAXIN 2 0

®EHRERE 7 4

| EHREDI 0 2

STRICCA 9 3

®GONOCA 119 78

/IBUOD 2 0

®ARDIQU 16 14

4‘—:-”@9 47 41

R O Ot p— MAESPE 3 0
— DIOSMA 6178 2386

®DIOSPH 172 167

[r— ®DIOSER 19 97

1 3 5 M r DIOSFE 15 6
— PLANOB 28 16

. PALAFO 61 34

PISOUM 29 4

M R CA CHAMMA 130 58
DRACAN 71 25

CINNRE 1 0

I'—l—| MACHJA 6 7

1 SNEOLPA 4 2

I LITSHY 2 i)

l [ ®CRYPCO 428 308
®BEILER 205 138




Functional diversity = st £ % & |4:
based on species traits (435

MEA I H=E
1. Thickness (3 & & )

2. LMA (+* £ £) (leaf mass per area, ¥ i &
% fg g Y icE)

3.LDMC (x 3z4 & 2z &) (leaf dry-matter
content, £ p: e 4= f1* T kit 4 )(%)
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